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Flicker Attenuation—Part I: Response of Three-Phase
Induction Motors to Regular Voltage Fluctuations
S. Tennakoon, Student Member, IEEE, S. Perera, Member, IEEE, and D. Robinson

Abstract—Voltage fluctuations leading to lamp flicker that originate in one place in a power system tend to propagate to other parts
of the network with some level of attenuation depending on the
network impedances and the loads connected. Numerous subsynchronous-type frequency components exist in these voltage fluctuations that are responsible for lamp flicker. The rudimentary theory
and the experimental measurements support the idea that industrial load bases, which contain a large percentage of mains-connected induction motors, tend to attenuate flicker better compared
to residential load bases having mainly passive loads. This paper
reports on the response of three-phase induction motors of several sizes when subjected to low-frequency voltage fluctuations: 1)
the case where a balanced single-frequency component is superimposed on the mains voltage and 2) the case where the mains voltage
is sinusoidally amplitude modulated, a scheme that is frequently
used in the flicker-related work. Small-signal models are presented
that will enable systematic understanding of the behavior which is
verified using large signal models.
Index Terms—Flicker, flicker attenuation, induction motors,
small-signal models.

I. INTRODUCTION
HE rudimentary theory behind flicker propagation, the
importance of flicker transfer coefficient, and supporting
measurement results are documented in a few papers [1]–[6].
These suggest that the attenuation of flicker is dependent on a
few factors, including the composition of loads at the various
busbars. It is suggested that mains-connected induction motors
tend to help attenuate flicker better compared to passive loads.
The argument behind flicker attenuation provided by induction motors is illustrated through the simple radial system shown
in Fig. 1. Upstream (A) to downstream (B) flicker transfer coefficient [7], [8] is considered to be equal to the ratio of the relative
voltage changes as given by [1]

T

(1)
where
,
,

magnitude of the steady state voltages at A
and B, respectively;
fluctuations in the magnitudes of the voltages
at A and B, respectively;
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Fig. 1. Simple radial system.

steady-sate impedance of the motor;
effective impedance of the motor for small
voltage fluctuations;
impedance of the system that connects
the upstream and the downstream (e.g.,
transformer impedance);
effective
for small voltage fluctuations.
It is hypothesizd that the effective impedance of the induction
motor load under fluctuating conditions is less than its steady) and assuming
,
state impedance (i.e.,
.
it is seen from (1) that
Despite the aforementioned hypothesis, the available literature on the subject of flicker transfer does not cover any details
on the manner in which the induction motors respond to voltage
fluctuations. Some theory in relation to the three-phase induction motor behavior, where they are tested by superimposing a
second frequency component, is covered in several papers [9],
[10], yet a detailed understanding of the way stator current responds in relation to the operating situation is not the subject as
expected. Further, the dependency of this response on the frequency of voltage fluctuations is also not known.
The main objective of the work covered in this paper is to examine the dynamic behavior of three-phase induction motors to
regular fluctuations in the terminal voltage. This paper presents
the results obtained using large-signal and small-signal models
in relation to three-phase induction motor behavior for 1) where
a single-frequency component is superimposed and 2) where the
mains voltage is sinusoidally amplitude modulated, a classical
case considered in flicker studies. The models presented and the
results obtained in the paper can be subsequently used to further
investigate the manner in which induction machines help attenuate flicker.
This paper is organized as follows. The background details in
relation to modelling presented in the paper are given in Section II.
The analysis of induction machine stator current response to fluctuating voltage supply, where fluctuations are caused by a singlefrequency component, is presented in Section III. The stator current response to a sinusoidally amplitude-modulated fluctuating
supply, using both large-signal and small-signal analysis, is presented in Section V. Conclusions are given in Section VI.

0885-8977/$25.00 © 2008 IEEE
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II. BACKGROUND DETAILS ON THE STUDY OF LARGE-SIGNAL
AND SMALL-SIGNAL MODELLING OF INDUCTION MOTORS
In order to gain a broader understanding, four different
machines with ratings ranging from 3- to 2250-hp 60-Hz
motors of which the parameters given in [11] are considered
in this work. A conventional -domain large-signal model
simulated in Matlab/Simulink and small-signal models covered
in Appendices A and B are used to analyze the behavior of the
induction motors.
The mechanical load driven by the motors is assumed to be
that of pump type with per-unit torque-speed characteristics
given by

Fig. 2. Rotor speed fluctuation of the 2250-hp motor with injected frequency
established using small- and large-signal analyses.

(2)
where
motor,

is the load torque,
is the rotor angular speed of the
is the base angular speed, and is a constant.
III. STATOR CURRENT RESPONSE TO VOLTAGE
FLUCTUATIONS CAUSED BY A SUPERIMPOSED
POSITIVE-SEQUENCE COMPONENT

Frequency of the superimposed positive sequence voltage
can be greater or smaller than the mains frequency . For this
reason and also because the resulting stator current exhibits frequency components that are additional to what is caused by
and
individually, it is necessary to establish a means of
identifying the various voltage and current components. In the
present situation, the frequency components of currents that appear have a strong resemblance to sinusoidal amplitude modulation where the mains frequency voltage waveform is ampli, which leads to two sideband frequency
tude modulated at
and
. Thus, any single-frequency
components
component superimposed that has a frequency
• less than will be called lower sideband injection with a
, satisfying the relationship
,
voltage
0.01 Hz leading to 20 Hz
where 40 Hz
.
• greater than will be called upper sideband injection with
satisfying the relationship
,
a voltage
40 Hz leading to 60.0 Hz
where 0.01 Hz
100 Hz.
Further, relating to the case of sinusoidal amplitude modula, where
tion, each side band will have a peak value of
is the peak value of the modulating wave.
Assuming the peak value of the mains voltage to be given
by , the three line-to-neutral voltages for positive-sequence
injection are given by

(3)
where
,
, and
,2,3.
Due to the presence of two airgap magnetic fields—one due
to the mains voltage and the other due to the superimposed
voltage, both of the same phase sequence—the electromagnetic
torque of the motor will pulsate at a difference frequency
, leading to a pulsation in the mechanical speed at the same

Fig. 3. Comparison of rotor speed fluctuation of the 2250-hp motor for three
different inertia values.

Fig. 4. Comparison of rotor speed fluctuation of different motors with injected
frequency.

difference frequency, a behavior commonly referenced in relation to inverter-driven induction motors. Small-signal analysis
covering the determination of this speed fluctuation is given in
Appendix C.
In the large-signal simulations carried out, the amplitude of
the superimposed voltage was maintained constant such that
.
Fig. 2 shows the variation of the peak value of the speed flucas a percentage of the steady-state speed for the
tuation
2250-hp motor with the nominal value of inertia given in [11].
Fig. 3 shows the results from large-signal analysis illustrating
how the speed fluctuations are affected by the inertia. Fig. 4
illustrates the results from large-signal analysis comparing the
speed fluctuation exhibited by the four different machines. Although the amplitude of speed fluctuation is relatively small, it

Authorized licensed use limited to: IEEE Xplore. Downloaded on October 30, 2008 at 22:21 from IEEE Xplore. Restrictions apply.
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Fig. 5. Variation of stator current sidebands for lower sideband injection,
2250-hp motor f
f
f .

Fig. 6. Variation of stator current sidebands for upper sideband injection,
f
f .
2250-hp motor f

has a strong influence on the stator current over the frequency
range of interest in relation to flicker. The manner in which the
resulting stator current interacts with the rotor thus affecting the
level of speed oscillation can be explained in terms of negative
and positive damping as in the case of subsynchronous resonance in power systems. Appendix D gives a qualitative discussion on this self-perpetuating behavior, employing the results
that are presented in this section.
Using the simple theory behind stator frequency components
and its interaction with the rotor, which is now oscillating at a
, it is possible to estabdifference frequency of
lish the frequencies that are induced back in the stator. As such,
if the superimposed frequency component is a lower sideband
(i.e.,
), extra frequency components will be induced
in the stator at
and
, where is integer (1,
2, 3, etc.). However, through the time-domain simulations carried out, it has been noted that among the corresponding extra
sideband currents,
is the most significant component
while
components have relatively negligible magnitudes for all superimposed frequencies and, hence, are ignored.
Similar analysis can be carried out when the superimposed frequency is an upper sideband (i.e.,
), where the
extra frequency components will be induced at
of the
most significant magnitude, and
with negligible magnitudes enabling them to be ignored. Hence, the only extra sidebands considered for lower and upper sideband injection of this
work are those appearing at
and
, respectively.
Fig. 5 shows the variation of the magnitudes of the two sideband components (
and
) of stator current for the
2250-hp machine for lower sideband injection. In addition to the
superimposed current component at
, an extra upper
sideband component of stator current at a frequency at
can be noted here. The magnitudes of the sideband currents,
to varying levels, are influenced by both 1) level of speed fluctuation which governs the corresponding induced voltage and
2) frequency of the sideband current which influences the effective impedance for current flow. With reference to Fig. 2, at
an injected frequency of 53 Hz, the speed fluctuation exhibits a
local maximum. The corresponding upper sideband frequency is
therefore 67 Hz which lines up with the peak value of the upper
sideband current in Fig. 5. As the injected frequency is further
decreased below 53 Hz, the magnitude of speed fluctuations decreases and the frequency of the upper sideband frequency increases and, hence, the extra sideband current is seen to reduce.

The current caused by the injected frequency is seen to generally increase as its frequency is decreased which suggests that
this variation is relatively significantly affected by the frequency
rather than the speed fluctuation that is now relatively low.
Fig. 6 shows the variation of the magnitudes of the two sideand
) of stator current for the
band components (
2250-hp machine for upper sideband injection
.
The extra sideband can be seen at
. Referring to Fig. 2,
the speed fluctuation exhibits a local maxima at 67 Hz which
corresponds to an extra lower sideband at 53 Hz, exhibiting a
local maximum as seen in Fig. 6. As the injected frequency is
further increased, the speed fluctuations decrease and, hence,
the resulting lower sideband current is seen to decrease. The
current caused by the injected frequency is seen to exhibit a significant local maximum at 67 Hz. It appears that this component of current is affected significantly by the speed fluctuation
as well as frequency. Beyond 67 Hz, the current becomes increasingly governed by the increasing frequency of the injected
voltage. Simulations quite clearly illustrate that the superposition principle commonly used for the analysis of induction
motors subjected to mains frequencies carrying superimposed
frequencies becomes increasingly valid only at higher superimposed frequencies.
Comparing Figs. 5 and 6, it can be noted that the total fluctuating current component (combination of the currents due to injected frequency and the extra sideband) is seen to be relatively
large when the injected frequency is low (i.e., 20 Hz) when compared with that at the high frequency end (i.e., 100 Hz). Based
on the above behavior, as a preliminary observation, it can be
stated that the rms voltage fluctuations arising as a result of the
motor behavior are very much dependent on the frequency of
the voltage fluctuations.
Figs. 7 and 8 illustrate the variation of sideband currents for
lower and upper sideband injection, respectively, for the four
different machines. It is clear from these figures that the two
large machines behave differently than the two small machines.
For lower sideband injection, the large machines exhibit significant lower and upper sideband currents over a wide frequency
range, while the two small machines exhibit significant lower
sideband currents and not upper sideband currents. For upper
sideband injection, the two large machines exhibit significant
upper and lower sideband currents while the two small machines
exhibit significant upper sideband currents while the lower sideband currents are seen to be relatively small.

= 0

= +
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Fig. 9. Rotor speed fluctuation of the 2250-hp motor for AM.
Fig. 7. Comparison of stator current sidebands of different motors for lower
sideband injection.

Fig. 10. Variation of stator sideband current components (as a percentage of the
f or f
f ) established for
fundamental) with sideband frequency (f
amplitude modulation and superimposition of a single-frequency component.

0

Fig. 8. Comparison of stator current sidebands of different motors for upper
sideband injection.

IV. STATOR CURRENT RESPONSE TO VOLTAGE
FLUCTUATIONS CAUSED BY A SUPERIMPOSED
NEGATIVE-SEQUENCE COMPONENT
With negative-sequence injection rotor speed, fluctuation will
. Simulations reveal that the corresponding
take place at
level of speed fluctuation is relatively insignificant compared to
that corresponding to positive-sequence injection. The resulting
additional components of current induced in the stator are at
higher frequencies that are outside the normal flicker frequency
range of interest. Also, these high-frequency current components are of negligible magnitude and, hence, would be of little
relevance in relation to voltage fluctuations and flicker.
V. STATOR CURRENT RESPONSE TO VOLTAGE FLUCTUATIONS
CAUSED BY SINUSOIDAL AMPLITUDE MODULATION
A. Large Signal Behavior
Assuming balanced sinusoidal amplitude modulation, the
line-to-neutral voltages applied to a three-phase motor can be
defined as

+

frequency injection, the machines exhibited speed fluctuations
. For the 2250-hp machine, these speed fluctuations are
at
illustrated in Fig. 9, demonstrating their dependency of inertia
as well.
As expected, stator current exhibits component currents at
and
although of different magnitudes as illustrated by Fig. 10. Relatively negligible sideband currents at frewere noticed which will be neglected in
quencies of
further analytical work. Fig. 10 also shows the magnitudes of the
current corresponding to the injected frequency obtained in relation to single-frequency injection (shown in Figs. 5 and 6). The
differences in the current levels clearly indicate that in the case
of amplitude modulation, the resulting sideband current is due
to the net effect of multiple armature reaction and they cannot
be obtained by simply considering that due to the single-frequency injection. For example, the sideband current magnitude
corresponding to a frequency of 40 Hz (which is caused by a
) is caused by the armamodulating frequency of
ture reaction due to a current sideband at a frequency of 80 Hz
as well.
B. Small-Signal Analysis

(4)
,2,3 and
—modulation depth
where
In the simulations carried out, the modulating waveform was
so that each sideband voltage
selected such that
arising as a result is equal to the superimposed component in
the case of single-frequency injection. As in the case of single-

In contrast to single-frequency injection where an additional
component is superimposed on the mains voltage, in sinusoidal
amplitude modulation (AM), it is the amplitude of the mains
voltage which is fluctuating sinusoidally. Thus, a transfer function of the form

Authorized licensed use limited to: IEEE Xplore. Downloaded on October 30, 2008 at 22:21 from IEEE Xplore. Restrictions apply.
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where
small signal change in the amplitude of the supply
small signal change in the stator current, can
voltage and
be developed to examine how the induction motors respond to
voltage perturbations caused by AM.
axes
For a balanced set of sinusoidal supply voltages, the
voltages are of the form
(6)
Thus, for a small perturbation
magnitude

in the supply-voltage

(7)
is defined as a sinusoidal signal per (8) in order to rep.
resent a typical modulating signal at a frequency
(8)
Fig. 11. Recovery of stator current perturbation (1i ).

The small-signal stator currents are related to the state vector
per (9)
(9)
where
(10)
(11)
Modifying the control vector (B.16) in Appendix B to incorporate stator voltage perturbations given by (7) and solving state
space equations (B.14) and (9), two fifth-order transfer funcand
) can be established as
tions (

Fig. 12. Variation of stator sideband current components (as a percentage of the
fundamental) established using small- and large-signal analyses for amplitude
modulation.

(12)
and
need to be transformed to the phase dowhere
main to establish the stator current variations as a function of
the perturbation in the supply voltage. These perturbations will
and
when
yield the sidebands of the stator current
Fourier is analyzed. The aforementioned process is illustrated
by the block diagram of Fig. 11.
The comparison of sideband current magnitudes obtained by
employing small-signal analysis and those obtained from largesignal analysis, illustrated in Fig. 12, clearly demonstrate the
suitability of the small-signal models for the prediction of the
perturbations in the stator current.
Fig. 13 shows the stator current responses of the four different
machines considered. As in the case of single-frequency injection, the four machines can be categorized into two groups based
on the stator response since the large machines (2250 and 500
hp) and the small machines (50 and 3 hp) exhibit distinctly different behaviors. This suggests that depending on the machine
size and their parameters, different induction machines can lead
to different flicker attenuation characteristics.

Fig. 13. Comparison of the sideband currents caused by amplitude modulation
for motors of different sizes.

VI. CONCLUSION
The response of induction motors to regular voltage fluctuations in the flicker frequency range has been investigated using
both large- and small-signal models. It is evident that the speed
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fluctuation that takes place can lead to extra frequency components of significance. These extra components appear as sidebands in relation to the mains frequency and the superimposed
low-frequency component in the case of single-frequency injection of which the major ones have been identified. In the
case of sinusoidal amplitude modulation, the major sidebands
in the current are related to the mains frequency and the sinusoidal modulating frequency. Again, the main components
of significance have been identified. In both cases, these sideband currents have been noted to be dependent on the injection frequency or the modulating frequency thus indicating the
dependency of flicker attenuation on the frequency of fluctuations. The models developed in this paper can be extended to
examine the flicker attenuation in power transmission and distribution systems where some approximate load classification
can be carried to account for the induction motor population.
APPENDIX A
NOMENCLATURE
,
,
,
,

axes voltages (in volts).
axes voltages referred to stator (in volts).
axes flux linkages per second (in volts).
axes flux linkages per second referred to the
stator (in volts).
Stator resistance (in ohms).
Stator leakage reactance (in ohms).
Rotor resistance (referred to the stator) (in ohms).
Stator leakage reactance (referred to the stator) (in
ohms).
Mutual reactance (in ohms).
Moment of inertia.
Inertia constant.
Base angular frequency (in radians per second).
Synchronous speed (in radians per second).
Rotor angular speed (electrical) (in radians per
second).
operator.
Laplace operator.

Subscripts
Stator variables.
Rotor variables.
Steady-state values.
APPENDIX B
LINEARIZED MOTOR EQUATIONS
For balanced operation of a three-phase induction motor, the
voltage equations in the synchronously rotating reference frame
are given by (B.1) [11], as shown in the equation at the bottom
of the page, where
(B.2)
(B.3)
(B.4)
The machine variables in (B.1) are expressed as per-unit quantities using the following base values:
line-to-neutral peak voltage
peak line current
.

;

and its relationship with the
The electromagnetic torque
are given by (B.5) and (B.6)
rotor angular speed
(B.5)
(B.6)
Equations (B.1), (B.5), and (B.6) can be linearized around an operating point to examine the small-signal behavior of the motor.
These linearized voltage equations are given by (B.7), as shown
in the equation at the bottom of the page, where
(B.8)
(B.9)

(B.1)

(B.7)
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APPENDIX C
SMALL-SIGNAL ANALYSIS OF SPEED FLUCTUATIONS
For a supply voltage consisting of a superimposed positivesequence sinusoidal single-frequency component, the threeframe
phase voltages given by (3) can be transformed into a
and
. These small-signal excursions exto obtain
pressed as per-unit quantities are given by
(C.1)

(B.11)

(C.2)

If the load torque-speed characteristics are known, (B.11) can be
further modified. Here, a pump load with characteristics given
by (2) is assumed. Linearizing (2)

Using (B.14) in B, the state vector that contains rotor speed
fluctuation can be established as

(B.12)

Using the matrix and vector , the steady-state fluctuation
in the speed as a normalized quantity can be shown to take the
form as given by (C.4)

Using (B.11) and (B.12), the dynamics of the motor and the
pump load can be combined as

(C.3)

(C.4)
where
and
.
tuation at

are constants, thus confirming the speed fluc-

(B.13)
Linearized voltage equations and the torque-speed dynamic relationship given by (B.7) and (B.13), respectively, describe the
small-signal model of an induction motor that drives a pump
load and can be expressed in state space form as given by (B.14)
(B.14)
where
(B.15)
(B.16)
in which
and

and
are both equal to zero and the matrices
can be established as

(B.17)

(B.18)

APPENDIX D
DISCUSSION ON THE POSITIVE AND NEGATIVE DAMPING
PROVIDED BY THE STATOR SIDEBAND CURRENTS
A qualitative discussion on the manner in which the magnitude of the speed fluctuation varies over the range of superimposed frequencies can be developed using Fig. 2 in conjunction
with Figs. 5 and 6. In relation to the two latter figures, a stator
will provide negative damping and
current component at
that at
will provide positive damping to the speed oscillations and, at all times, the magnitude of the speed oscillations
will be curtailed by the net damping available. With reference
to a particular injected frequency, the corresponding magnitude
of the stator sideband current will be governed by the effective
impedance whereas the magnitude of the extra sideband current will be governed by both the effective impedance and the
level-induced voltage which is determined by the magnitude of
the speed oscillations. Thus, the speed oscillations and the stator
currents, especially the extra sideband current, can be said to be
interdependent.
Considering the case of lower sideband injection, at injected
frequencies close to 60 Hz, the frequency and the magnitude
of speed oscillation and the corresponding lower and upper
sideband stator currents are relatively small. As the injected
frequency is reduced below 60 Hz, the corresponding current
will increase which is a process essentially governed by the
decreasing effective impedance. This current leads to an increasing upper sideband-induced voltage resulting in increasing
upper sideband current. Increasing negative damping provided
by the lower sideband and increasing positive damping provided
by the upper sideband would lead to speed oscillations with a
local maxima at 53 Hz as evident from Fig. 2. As the injected
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frequency is further reduced below 53 Hz, the lower sideband
current continues to increase as a result of the decreasing
effective impedance whereas the upper sideband current starts
to decrease above 67 Hz as a result of increasing frequency
and reducing induced voltage. Despite the decreasing positive
damping provided by the upper sideband current in this frequency range (67 Hz–100 Hz), the speed oscillations continue
to exist well below 53 Hz, implying that the increasing negative
damping provided by the lower sideband current dominates the
net damping.
Considering the case of upper sideband injection, at close to
60 Hz, the upper sideband current is seen to increase as a result of the dominating but decreasing positive effective rotor resistance. The corresponding lower sideband current magnitude
will be governed by the effective impedance at lower frequencies and will continue to provide negative damping. It is seen
that the net damping provides a local maxima at an injected frequency of 67 Hz. As the injected frequency is further increased
beyond 67 Hz, both the positive and negative damping are seen
to decrease, causing the speed oscillations to decrease. It is seen
that the lower sideband current approaches negligible levels as
the speed oscillations diminish.
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